Theorem 5.13. Subspaces and countable products of first (resp. second) count-
able spaces are first (resp. second) countable.

Proof. We only prove the first countable case as the second countable case is
similar.

Let X be a first countable space and A C X. For each « € A, let {B,, : n €
N} be a countable basis of neighbourhoods of  in X. Then, {B, N A:n € N}
is a countable basis of neighbourhoods of  in A. Hence, A is first countable.

Let {X, : a € J} be a family of first countable spaces and let X =[] ., Xa
with the product topology. For each a, let B, = {Ba,, : 7 € N} be a countable
basis of neighbourhoods at x, € X,. Let x = (z,) € X. Consider the collection

k
B = {ﬂﬂ';il(Bai,ni):kENaCY1>~--,04k e J,n; EN}.
=1

Then, B is a countable basis of neighbourhoods at z in X. To see this, let U be
any neighbourhood of x in X. Then, there exist finitely many indices aq, ..., ax
and neighbourhoods U,, of z,, in X,, such that

Since B,, is a basis at z,,, there exists n; such that B, n, € Ua,. Then,

(7o (Bayn) SV CU.

i=1
Hence, X is first countable. O

Definition 5.14. A subset A of a topological space X is dense if A = X. A
space X is separable if it contains a countable dense subset.

Example 5.15. R is separable: QQ is a countable dense subset of R.
Q? is also a dense subset of R2, so R? is separable.

Theorem 5.16. For a second countable space X,
o (Lindeldf property) every open cover of X has a countable subcover;

e X is separable.
Proof. Let B ={B,, : n € N} be a countable basis of X.

e Let U be an open cover of X. For each B,, choose U, € U such that
B,, C U, if such U, exists (when exists, there could be multiple such U,,
and we just choose one). Then {U, : n € N|B,, C U,} is a countable
collection. We claim that it covers X. For any = € X, there exists U € U
such that x € U. Since B is a basis, there exists some B,, such that
x € B, C U. By construction, there exists U,, € U such that B,, C U,,.
Hence, z € Uy,. This shows that {U, : n € N, B,, C U,} covers X.
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e For each B, choose 2, € B,,. Then A = {x,, : n € N, z,, is chosen from B, }
is a countable dense subset of X. To see this, pick any z € X. Then, for
any basis element B,, containing x, we have B,, N A # &. Hence x € A.

O

5.2 Separation Axioms

We’ve seen such an example before and I claimed that this appears because the
points are not “separated” enough.

Example 5.17. Let X = {a,b} with the topology 7 = {0,{a}, X}. Then the
constant sequence (x,) with x,, = a for all n € N converges to a and b.

Let’s see some different ways to separate points and sets in a topological
space and check if they can help us to avoid such pathological examples.

Definition 5.18. We say a topological space X is Hausdorff if for any two
distinct points x,y € X, there exist disjoint open sets U and V such that x € U
andy e V.

Lemma 5.19. Let X be a Hausdorff space. Then, one-point sets are closed.

Proof. Let © € X. To show that {z} is closed, we show that its complement
X \ {z} is open. For any y € X \ {2}, since X is Hausdorff, there exist disjoint
open sets U and V such that x € U and y € V. Then V C X \ {z}. Hence for
each point in X \ {z}, we can find an open neighbourhood contained in X \ {z}.
This shows that X \ {«} is open. O

Example 5.20. The trivial topology on a set of more than one point is not
Hausdorff.

Example 5.21. Consider the space X = {a, b} with the topology T = {0, {a}, {a, b}}.
This space is also not Hausdorff.

Example 5.22. Let X = R. Then, complement finite and complement count-
able topologies on X are not Hausdorff. This is because any two non-empty
open sets intersect.

Example 5.23. Every metric space is Hausdorff. For z,y € X with « #
y, let ¢ = d(z,y)/2 > 0. Then the open balls B.(x) and B.(y) are disjoint
neighbourhoods of x and y, respectively.

Proposition 5.24. FEvery sequence has a unique limit in a topological space.

Proof. When X is Hausdorff, suppose that a sequence (x,) converges to both
x and y with x # y. Since X is Hausdorff, there exist disjoint open sets U and
V such that © € U and y € V. Since (z,,) — «, there exists Ny such that for all
n > Ny, we have z,, € U. Similarly, since (x,) — y, there exists N such that
for all n > Ny, we have z,, € V. Let N = max{Ny, No}. Then, for all n > N,
we have z,, € U and x,, € V, contradicting the fact that U and V are disjoint.
Hence, the limit is unique. U
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Example 5.25. Let X = R be endowed with the countable complement topol-
ogy. We know that any sequence (z,) converging to z is eventually equal to
xz. Hence, every converging sequence has a unique limit. However, X is not
Hausdorff.

Theorem 5.26. Suppose X is first countable. Assume that every convergent
sequence has a unique limit in X. Then, X is Hausdorff. (This is homework)

In fact, metric spaces satisfy stronger separation axioms. We will introduce
some of them.

Definition 5.27. Let X be a topological space such that one-point sets are
closed. We say that X is:

1. regular if for any point = and a disjoint closed set B, there exist disjoint
open sets U and V such that x € U and B C V.

2. normal if for any two disjoint closed sets A and B, there exist disjoint
open sets U and V such that AC U and BC V.

Remark 5.28. A regular space is Hausdorff. A normal space is regular (hence
Hausdorff).

Example 5.29 (The K-topology on R). Let K = {1/n : n € N} and let Rg
be R with the topology generated by the basis {(a,b), (a,b) \ K : a < b}.

e It is Hausdorff: for x # y pick disjoint usual intervals around « and y.

e K is closed (note K is not closed in the usual topology): if z ¢ K and
x # 0, choose € > 0 with (z —e,x+e)NK = @; if £ = 0, then (—¢,¢) \ K
is an open neighbourhood of 0 disjoint from K. Hence R\ K is open.

e It is not regular: 0 ¢ K. Suppose there are disjoint open sets U,V with
0 € U and K C V. Choose a basis element (a,b) \ K C U containing 0.
Pick n large enough so that 1/n € (a,b) and let (¢, d) be a basis element
with 1/n € (¢,d) C V. Finally, choose z so that z € (max(c, %_H), 1/n).
Then, z € UNV, contradicting the assumption that U and V are disjoint.

Consequently Ry is Hausdorff but not regular.
Now we have some other useful ways of stating these properties.
Lemma 5.30. Let X be a topological space with one-point sets closed. Then,

1. X is regular iff for every neighbourhood U of a any point x, there exists a
neighbourhood V' of x such that x € V. CV C U.

2. X is normal iff for every closed set A and any open set U such that
ACUCX, there exists an open V with ACV CV CU.
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Proof. We prove the regular case. The normal case is similar.

Suppose X is regular. Let U be a neighbourhood of . Then, X \ U is closed
and disjoint from {z}. By regularity, there exist disjoint open sets V and W
such that z € V and X \ U C W. Since VN W = (), we have that V C X \ W
which is closed. Then, V C X \W C U. Hence, we have found a neighbourhood
V of x such that t € VCV C U.

Conversely, let U = X \ B, where B is a closed set disjoint from {z}. By
assumption, there exists a neighbourhood V of z such that x € V C V C U.
Sox € Vand X\V D X \U = B are disjoint open sets separating = and B.
Hence, X is regular. O

Let me state some important results about these separation axioms.

Theorem 5.31. Subspaces and products of Hausdorff (resp. reqular) spaces are
Hausdorff (resp. regular).

Proof. Let’s prove the regular case.

Let Y C X. Pick any = € Y, and let B be a closed set in Y disjoint from
{z}. Then, there exists a closed set C' in X such that B = Y N C. Since X
is regular, there exist disjoint open sets U and V in X such that x € U and
C CV. Then, UNY and VNY are disjoint open sets in Y such that x € UNY
and B CVNY. Hence, Y is regular.

Now let X = [[ X, be a product of regular spaces X,. Let x = (z,) € X
and let U = [] U, be a neighbourhood of z in X such that U, = X, for all
but finitely many «. By Lemma for each a with U, # X,, there exists
a neighbourhood V,, of z, such that z, € V, C V, C U,. For other o, let
Vo = Xo. Let V =][V,. Then, V is a neighbourhood of = in X such that
reVCV=[[V,CU. O

The above theorem doesn’t hold for normal spaces. Here are counterexam-
ples.

Example 5.32. RF is not normal (See Munkres Chapter 4 section 32 problem
9.)

Since R 22 (0, 1), we have that (0, 1)® is not normal. But (0, 1)® is a subspace
of [0, 1]® which is compact Hausdorff (we will prove this later) and hence normal.
So a subspace of a normal space need not be normal.

Example 5.33. Let Ry be R endowed with the so-called lower limit topology
which is generated by the basis {[a,b)}. You can check that this is finer than
the usual topology on R since every open interval (a,b) can be written as the
union of basis elements: (a,b) = J;;la+ +,b).

Then, Ry is normal: let A and B be disjoint closed sets in Ry,. For each
a € A, choose a basis element such that [a,2,) N B = &. Similarly, for each
b € B, choose a basis element such that [b,y;) NA = @. Let U = U, 4la, za)
and V' = [Jycp[b,ys). Then, U and V' are disjoint open sets separating A and
B.
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By the theorem above, we know that Ry xRy is regular. But it is not normal.
Indeed, L = {(x, —z) : * € R} is closed in R? and hence closed in R, x R,. Note
{(a,—a)} = LN[a,a+1) x [-a,—a+ 1) and hence {(a,—a)} is open in L. So L
has the discrete topology. So every subset of L is closed in subspace topology
and hence closed in R, x Ry.

Now let A = {(z,—=x): 2z € Q} and B =L\ A. Both are closed in Ry x Ry.
One can check that there are no disjoint open sets separating A and B (see
Munkres Chapter 4 section 31 problem 9). So Ry x Ry is not normal.

There is still a positive result about subspaces of normal spaces.

Proposition 5.34. Fvery closed subsets of a normal space is normal.

Normal spaces
Theorem 5.35. Every reqular second countable space is normal.

Proof. Let X be a regular second countable space. Let B ={B,, : n € N} be a
countable basis of X.

Let A and B be disjoint closed sets in X. We want to find disjoint open sets
U and V such that A C U and BC V.

For each a € A, there exists a neighbourhood U, of a disjoint from B. By
Theorem [5.30] above, there exists a neighbourhood V,, of a such that a € V, C
V,, C U,. We then further choose a basis element B,,, such that a € B,, C V,.
So, we have a countable open cover {U,,} of A so that the closure of each element
is disjoint from B. Similarly, we can find a countable open cover {V,,} of B with
the property that the closure of each element is disjoint from A.

Consider the sets U = UU,, and V = UV,,. They are not necessarily disjoint.
To fix this, we modify the sets as follows:

For each n, let

m=1

Note that U], and V, are still open sets since they are obtained by removing
closed sets from open sets. Also, we have A C |J,, U}, and B C |J,, V,, since we
only removed closures of sets disjoint from A and B respectively.

Now we let
v=u, v=v.
Then, U’ and V' are open sets with A C U’ and B C V'. We claim that
U'NnV'" = @. If not, there exists z € U’ NV’ and thence there exist U}, and

V! such that » € U;, and x € V. Suppose WLOG that k& > j. Then, by the
definition of U}, we have

k
2 eU, CUN\ | Vi CUR\ V.
m=1
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This contradicts the fact that x € Vj’ cV; C W Hence, U’ and V' are disjoint
open sets separating A and B. O

Theorem 5.36. Every metric space (and hence every metrizable space) is nor-
mal.

Proof. Since metric spaces are Hausdorff, one-point sets are closed.

Let A and B be disjoint closed sets in a metric space (X, d). For each a € A,
there exists r, > 0 such that B, (a) N B = @ since B is closed (otherwise, a €
B = B). Similarly, for each b € B, there exists r, > 0 such that B,, (b)NA = @.

Let U = Ugen Br.j2(a) and V = (J,c g Br,/2(b). Then U and V' are open
sets with A C U and B C V. We claim that U NV = @. If not, there exists
x € UNV. Then there exist a € A and b € B such that = € B, /3(a) and
r € By, /2(b). WLOG, assume r, <73, By the triangle inequality, we have

d(a,b) < d(a,z) + d(z,b) < % + % <.

This contradicts the choice of r,. Hence U and V are disjoint open sets sepa-
rating A and B. O
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