Proof. (=) Let Y = X U {oo} with the topology 7 defined as follows:
e For any open set U in X, U € 1;
e For any compact set K in X, the set Y\ K € 7.
To see that this is indeed a topology, note
e fand Y =Y \ 0 are in 7;

e U=U,isopenin X;and J(Y \ Kg) =Y \(NKp =Y\ Cis in 7 since
N K3 is a closed subset of the compact set Kpg, for some §y and hence
compact; and JU,UJY \Kp) =UUY'\C) =Y\ (C\U) is in 7 since
C'\ U is a closed subset of the compact set C' and hence compact.

e UiNUszisopenin X; (Y\C )N (Y \Cs) =Y\ (CyUC,) is in 7 since
C1 Uy is compact; and UN(Y\C) =UN (X \ C) is open in X since C
is closed in X.

Note that the subspace topology on X induced from Y is the same as the
original topology on X (note Y\ C'N X is open in X).

To see that Y is compact, note if I/ is an open cover of Y, then &/ must have
an element of the form oo € Y\ K where K is a compact set in X. K is then
also compact in Y. Hence, there exists a finite subcover of U that covers K.
Together with the element Y\ K, we have a finite subcover of I that covers Y.

To see that Y is Hausdorff, note for any z,z’ € X, we just use the Hausdorff
property of X to separate them. For any z € X and y = oo, since X is locally
compact, there exists some open neighbourhood U of x and some compact set
K such that U € K. Then, U and Y \ K are disjoint open neighbourhoods of
x and oo respectively.

(<) We still write the extra point in ¥\ X as co. Note since Y is Hausdorff,
as a subspace, X is also Hausdorff. For any x € X, since Y is Hausdorff, there
exist disjoint open neighbourhoods U of x and V of co. Then, K =Y \ V is
a compact in Y (and hence in X) since it is closed. Note that U ¢ K C X.
Therefore, X is locally compact.

It remains to show that Y is unique up to homeomorphism. Let Y’ be
another compactification of X. Define the map f:Y — Y’ as follows: h(c0) =
oo’ and h(x) = x for any « € X. Then, I'll leave it as an exercise to check that
h is a homeomorphism. O

6.4 Paracompact and Partition of Unity

Another generalization of compactness is paracompactness. We will use it to
prove the partition of unity theorem which is very useful in differential geometry.
We will also prove another metrization theorem using paracompactness.

First recall the definition of compactness.

Definition 6.56. A space X is said to be compact if every open cover of X has
a finite subcover.
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It turns out that we can characterize compactness using refinements of open
covers.

Definition 6.57. Let A be a collection of subsets of a set X. A collection B
of subsets of X is said to be a refinement of A if for each B € B, there exists
some A € A such that B C A.

Proposition 6.58. A space X is compact iff every open cover of X has a finite
open refinement that covers X.

This can be generalized as follows.

Definition 6.59. A space X is said to be paracompact if every open cover A
of X has a locally finite open refinement B that covers X, i.e., for each z € X,
there exists some open neighbourhood U of x such that U intersects only finitely
many elements of B.

Example 6.60. R" is paracompact. Let A be an open cover of R™. For each
k € N, consider the closed ball By (0) of radius k centered at the origin. Since
By;(0) is compact, there exists a finite subcover A, = {4 1,..., Agn, } of A that
covers By (0). Then, let By = {Ak 1 N(R™\ Bk-1(0)), ..., Ak n, N(R™\ Bx_1(0))}
(Here we let By(0) = (). Then, B = |J B is a locally finite open refinement of
A that covers R™. This is first of all because By (0) is covered by By U - - - U B.

Example 6.61. Every compact space is paracompact.
One useful fact about locally finiteness is the following lemma.

Lemma 6.62. Let A be a locally finite collection of sets in a topological space
X. Then, Jgea A=Usca A

Proof. The inclusion 2 is clear. For the other direction, let x € (J,. 4 A. Then,
for any open neighbourhood U of z, we have UN(J . 4 A # 0. Since A is locally
finite, there exists some open neighbourhood V' of x such that V intersects only
finitely many elements of A, say A1, ..., A,. Now, I claim that 2 € A; for some
i. If not, then x € V'\ A; U---U A, which is a neighbourhood of = that does

not intersect |J,. 4 A. This is a contradiction. Therefore, z € A; for some i
and hence z € |J 4. 4 A O

Theorem 6.63. Every paracompact Hausdorff space X is normal.

Proof. We first establish regularity. Let z € X and let A be a closed set in
X such that x ¢ A. For each y € A, find open neighbourhoods V;, of y such
that « ¢ V,, (Hausdorff). Then, & = {X \ A} U{V,, : y € A} is an open cover
of X. Let W be a locally finite open refinement of U that covers X and let
V={WeW:WnA:=#({}. Then, V =UpcpW is an open neighbourhood of
A.
Since W is locally finite, we have that
v- W

wevy
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Note that for any W € V, we have that z ¢ W. So x ¢ V. So, we have found
disjoint open neighbourhoods of z and A, namely, X \ V and V respectively.
Therefore, X is regular.

The proof of normality is similar. We simply replace where we used Hausdorff
with regularity and where we separated a point and a closed set with separating
two closed sets. O

It turns out that metric spaces are paracompact. This makes paracompact-
ness a very nice notion that generalizes both compactness and metric spaces
(note that metric spaces may not be locally compact).

To prove this result, we need a technical lemma.

Lemma 6.64. Let X be reqular. Then, TFAE: Every open covering U of X
has a refinement that is:

1. a locally finite open cover;

2. A countably locally finite open cover, i.e., it can be written as a countable
union of locally finite collections;

8. a locally finite cover;
4. a locally finite closed cover.

Proof. 1= 2: straightforward.

2= 3: Let V = U, V), is a countably locally finite open refinement of ¢ where
each V, is locally finite. For each n, define W,, = |JV),, which is open. Then,
{W1,...} covers X. Define A,, = W, \ Uj<,W;. Then, {A,} is a locally finite
refinement of {W,,} that covers X. Now, define

W={VnNnA,:VeV,neN}L

Then, W is a locally finite refinement of V and hence U that covers X.

3 = 4: Let B be the collection of all open sets U such that U is contained
in some element of U (I just want something smaller so that I can take closure).
By regularity, B is an open cover of X. Then, it has a locally finite refinement
C that covers X by (3). Let D = {C|C € C}. Then, D still covers X which
refines . It is still locally finite which can be checked directly.

4 = 1: Let V be a locally finite closed refinement of U/ that covers X. For
each z € X, let W, be a neighborhood of  meeting only finitely many elements
of V. Then, {W,} is an open cover of X. Apply 4, there exists a locally finite
closed refinement A of {W,} that covers X.

For each V € V, define

vi=Xx\ | 4oV

AcA
ANV =0

Then, V* is open as it is the complement of a closed set. Furthermore, {V*|V €
V} is an open cover of X. Now, we show that {V*|V € V} is locally finite. Given

92



any x € X, there is a neighborhood U of x meeting finitely many A;,..., A,
(they also cover U). But whenever U N'V* 2 (), there exists some A; such that
A; NV* #£ () which implies that A; NV # (). Since each A; meets only finitely
many V’s due to the definition, we have that U meets only finitely many V*’s.
Therefore, {V*|V € V} is locally finite.

Now, for each V € V, pick U € U such that V C U, and form W =V*NU.
Then, the collection of all such W’s is an open refinement of U/ that covers X
and is locally finite. O

Theorem 6.65. Every metric space is paracompact.

Proof. Let X be a metric space and let U be an open cover of X. Choose a well
ordering on Y. For each U € U and n € N, we define

Up={zeU:dx,X\U)>1/2"}.

Then, d(Uy, X \ Ups1) > 5ot
Now, we let

U;: = Un\ U Vn+1-

V<U
Veu

Then, for each U,V € U, WLOG assume U > V. Then, we have that U;; C
X \ Viy1. This implies that d(U, V) > k.

Finally, let’s define some open sets:

Un={z €U d(z,U;) <1/2°7} =UN | Byjgwes(a)
zeUy

Then, it is easy to check that d(U,,V,) > 1/272. Then, the collection U, =
{Un : U € U,n € N} is a locally finite open refinement of U: for any = € X, its
neighborhood By /gn+2(x) meets only Uy,’s for each n. Then, U' = {J, U, is a

locally finite open refinement of ¢ that covers X. Therefore, X is paracompact.
O

Example 6.66. This theorem gives us a bunch of examples of paracompact
spaces, e.g. R™ [0,1) etc.
Partition of Unity

Definition 6.67. Let U = {U, }aca be an open cover of a topological space X.
A partition of unity subordinated to U is a collection of continuous functions
{¢a : X = [0,1]}aca such that:

e supp ¢, C Uy,; here the support of a function f : X — R is defined as
supp f = {z € X : f(x) # 0}

e {supp ¢, } is locally finite; and

e For every z € X, ZaEA Palz) = 1.
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Lemma 6.68. Let X be Hausdorff and paracompact. Then, every open cover
U ={Us}acs of X has a shrinking, i.c., an open refinement {Vo}aes covering
X such that V, C Uy, for each a.

Proof. Let A = {A € 7: A C U,, for some a € J}. Since X is normal and
hence regular, A is an open cover of X. Let B be a locally finite open refinement
of A that covers X (exists since X is paracompact). Assume that B = {Bg}gex
for some index set K. For each 8 € K, pick some o € J such that Bs C U,
and define a function f: K — J by 8 — «.

Then, for each « € J, define

Vi, = U Bg.
pef~1 (o)

By locally finiteness of B, we have that

7o¢: U ECUa
BeEf~1(a)

It is clear that {V,}secs is an open refinement of U that covers X (since B
covers X ). We now check that {V,}aes is locally finite. Given any z € X,
there exists some open neighbourhood W of z that meets only finitely many
elements of B, say Bg,,...,Bs,. Now, whenever W NV, # 0, there exists
some f; such that Bg, C V,, ie., f(8;)) = a. So W meets only V, ’s for
a€{f(B1),...,f(Bn)}. Therefore, {V,}acys is locally finite. O

Theorem 6.69 (Partition of Unity). Let X be Hausdorff and paracompact.
Then, every open cover of X has a partition of unity subordinated to it.

Proof. Let U = {Uy}aes be an open cover. We apply the shrinking lemma
twice to find locally finite open covers {V, }aes and {Wy }aes such that

WqCV,y and V, CU,

for each a.

Since X is normal, for each a, by Urysohn’s lemma (valid in normal spaces)
there exists a continuous h, : X — [0,1] such that h, =1 on W, and h, =0
on X \ V,. This implies that

supphqa C Vo C U,.

Since {V,} is locally finite, {V,} is also locally finite. Hence, {supph,} is
locally finite.

Set h = > c;ha. For each x € X, there is some neighborhood U of x
that meets only finitely many supph,’s, say suppha,, ..., suppha, . Therefore,
hlu = > i ha,|u. Since each hq,|y is continuous, h|y is continuous. Then, h
is continuous. Furthermore, there is W, containing the point since it is a cover.
Hence, ho(z) =1 > 0 and hence h(z) > 0.

Define ¢, = ho/h : X — [0,1]. Then, {¢q}acs is a locally finite partition
of unity subordinated to U. O
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