7 Connectedness

One interesting motivating example for studying connectedness is the following
result from calculus:

Theorem 7.1 (Intermediate Value Theorem). Let f : [0,1] — R be a continuous
function. WLOG, we assume that f(0) < f(1). Then, for any r € [f(0), f(1)],
there exists ¢ € (0,1) such that f(c) =r.

This is a consequence of the fact that [0, 1] is “connected”.

7.1 Connected spaces

Definition 7.2. Let X be a topological space. A separation of X is a pair
of disjoint nonempty open sets U,V C X with X = U U V. The space X is
disconnected if it admits a separation; otherwise X is connected.

Remark 7.3. This is a pure topological property: it depends only on the open
sets of X. In particular, connectedness is preserved by homeomorphisms.

Remark 7.4. X is connected iff the only subsets that are both open and closed
(clopen) are @ and X.

Example 7.5. [-1,0) U (0, 1] is disconnected.
Example 7.6. {a,b} with the trivial topology {0, {a,b}} is connected.

Example 7.7. Q is disconnected: for r irrational, (—oo,r) N Q and (r,00) NQ
separate Q.

How do we check if a space is connected?

Theorem 7.8. If f: X — Y is continuous and X is connected, then f(X) is
connected.

Proof. If U,V separate f(X), then f=1(U), f~1(V) separate X. O

Lemma 7.9. If X has separation U,V and Y C X is connected, then Y C U
orY CV.

Proof. If not, then YNU and YNV are nonempty, disjoint, open in the subspace
topology on Y, and cover Y, contradicting connectedness of Y. O

Theorem 7.10. If A C X is connected and A C B C A, then B is connected.

Proof. Suppose B has a separation C,D. Then, by the lemma, A C C or
A C D. WLOG, A C C. Then, A C C. Note that Cg = BN C. Since C is
closed in B, we have Cg = C. Thus, CNB = C. Hence, ANB C C,so B C C,
contradicting that D is nonempty. O

Theorem 7.11. The union of a collection of connected subspaces of X that
have a point in common is connected.
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Proof. Let Y =, Y, with y € Y, C X for all .
Assume that Y has a separation U, V. Suppose y € U. Then, by the lemma,
Y, C U for all a. Thus, Y C U, contradicting that V' is nonempty. O

Theorem 7.12. A finite product of connected spaces is connected.

Proof. We prove the case of two spaces X,Y. Let (a,b) € X xY. For x € X, let
T, = (X x {b})U({z} xY). Note that T, is connected by the previous theorem
and the fact that the product of a space with a singleton is homeomorphic to
the space itself.

Note that X XY = UgexT, is connected again by the previous theorem,
since all T, contain the point (a,b).

The general case follows by induction. O

Example 7.13. R" is connected for all n > 1 (if we assume the connectedness
of R which will be proved later).

Example 7.14. RY with box topology is not connected. Indeed, let
U = {all bounded sequences}, V = {all unbounded sequences}.

Then, U and V are disjoint, nonempty and U UV = RN, Given a € RY, note
that (a1 —1,a1+1)x (ag—1,a2+1) x--- is an open neighborhood of a contained
in U (resp. V) is a is bounded (resp. unbounded). Hence, U and V are open
in the box topology, so they separate RY.

Example 7.15. RY with product topology is connected.

Let R” = {x € RY : 2; = 0Vi > n}. Note that R” = R" so R” is connected.
Let R* = Unzl]f%”. Then, R*° is connected as the union of connected sets with
a point in common (the zero sequence). Finally, we claim that R* = RN to
conclude the proof. Indeed, for any x € RY and any basic open neighborhood
U = Il,>, Ui of x (where U; = R for all i > N for some N), we have that

(x1,72,...,25,0,0,---) € R®° NU. Hence, x € R,
The same strategy can be used to show that arbitrary products of connected

spaces are connected in the product topology.

7.2 Connected subspaces of R

We shall prove that R is connected and so are intervals and rays in R. It turns
out that this only depends on the order structure of R.

Definition 7.16. A linear poset L having more than one element is called a
linear continuum if the following hold:

1. L has the least upper bound property: every nonempty subset of L that
is bounded above has a least upper bound. (sup exists)

2. If x < y, then there exists z € L such that z < z < y.
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Definition 7.17. Y C L is called convex if for any a,b € Y with a < b, we
have that [a,b] C Y.

Theorem 7.18. If L is a linear continuum with the order topology, then every
conver subset Y of L is connected.

Proof. Assume that Y has a separation A, B. Pick a € A and b € B with a < b.
Then, [a,b] CY. Let Ag = ANJa,b] and By = BN|[a,b]. Then, Ag, By are open
in [a,b] w.r.t. the subspace topology which is the same as the order topology
on [a,b]. So Ay, By form a separation of [a, b].

Let ¢ = sup Ag. We show that ¢ ¢ Ay and ¢ ¢ By, contradicting that
[&, b] = AO U Bo.

Suppose ¢ € Byg. Then, ¢ # a, so ¢c = b or a < ¢ < b. Since By is open, in
either case, there exists d such that (d,c] C By. If ¢ = b, then d is an upper
bound of Ay less than ¢, contradicting that ¢ = sup Ap. If a < ¢ < b, then since
¢ is an upper bound, (¢,b] N Ag = 0. Hence, (d,b] = (d, c] U (¢, b] N Ag = O which
makes d an upper bound of Ay less than ¢, again a contradiction. Thus, ¢ ¢ By.

Now suppose ¢ € Ag. Then, ¢ # b, and so ¢ = a or a < ¢ < b. Since Ay is
open, in either case, there exists e such that [c,e) C Ag. But then any z such
that ¢ < z < e is in Ay, contradicting that ¢ = sup Ay (z exists because of (2)).
Thus, ¢ ¢ Ag. O

Now we can prove the intermediate value theorem.

Theorem 7.19 (Intermediate Value Theorem). Let f : [a,b] — R be a contin-
uous function with X being connected. Assume that f(a) < f(b). Then, for any
r € (f(a), f(b)), there exists ¢ € (a,b) such that f(c) =r.

Proof. Note that f([a,b]) is connected since [a, b] is connected. We now show
that [f(a), f(b)] C f([a,b]). Suppose not, then there exists r € (f(a), f(b))
with » ¢ f([a,b]). Let U = (—o0,r) and V = (r,00). Then, U N f([a,b]) and
V N f([a,b]) separate f([a,b]), contradicting connectedness of f([a,b]). O

The interval [a, b] can be replaced by any connected space X.

Theorem 7.20 (Intermediate Value Theorem). Let f : X — R be a continuous
function with X being connected. Assume that a,b € X and that f(a) < f(b).
Then, for any r € (f(a), f(D)), there exists c € X such that f(c) =r.

That intervals in R are connected gives a sufficient condition for showing
that a space is connected.

Definition 7.21. A space X is path connected if every z,y € X can be joined
by a path, i.e., there exists a continuous f : [a,b] — X with f(a) = x and

f() =y.

Lemma 7.22. A path connected space X is connected.
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Proof. Suppose U,V separates X. Let f : [a,b] = X be a path from z € U to
y € V. Since [a, b] is connected, f([a,b]) is connected. So by a theorem we proved
previously, f([a,b]) is contained in U or V, contradicting that f(a) =z € U
and f(b) =y e V. O

Example 7.23. The ball B” = {z € R"|||z|| < 1} is connected.
The sphere S"~1 = {x € R"|||z|| = 1} is connected for n > 2.

Example 7.24. The topologist’s sine curve is the closure of the following set

in R2:
s { (vt ke o)

S=SU{(0,y)lye[-1,1]}.

This space is connected but not path connected.

To see that it is connected, note that S is path connected (hence connected)
and hence S is connected.

To see that it is not path connected, suppose there exists a path f : [a,b] — S
with f(a) = (0,0) and f(b) = (1,sin1). Consider A = f~1(0 x [-1,1]) C
[a, b] which is the preimage of a closed set, hence closed. Let ¢ = sup A € A.
¢ # bsince f(b) = (1,sinl). Then, f((c,b]) C S. Replace [c,b] by [0,1] for
convenience. We write f(t) = (z(t),y(t)). Then, z(0) = 0 and z(t) > 0 for all

t € (0,1]. Since z is continuous, there exists ¢, — 0 with xz(¢,) = #/2 for all

Note that

n > 1 (intermediate value theorem). Then, y(t,) = sin(n7/2) = (—1)™ does not
converge as n — 00, contradicting the continuity of y at 0.

7.3 Components and local connectedness

Definition 7.25. Let X be a topological space. We define an equivalence
relation on X by declaring x ~ y iff there exists a connected subspace of X
containing both x and y. The equivalence classes of this relation are called the
components of X.

We define another equivalence relation on X by declaring x ~ y iff there
exists a path in X connecting x and y. The equivalence classes of this relation
are called the path components of X.

Symmetry and relexivity are clear. For transitivity, if z,y lie in a connected
subspace A and y, z lie in a connected subspace B, then z, z lie in the connected
subspace AU B (since y € AN B).

Theorem 7.26. The components of X are connected disjoint subspaces of X
whose union is X, such that each nonempty connected subspace of X intersects
only one of them.

Proof. Each connected subspace A intersects only one of them: if A intersects
two components Cq,Cs, then pick z; € ANC; for i = 1,2. Then, z1,zo are
equivalent, so C = Cs.
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To show that each component C' is connected, choose o € C. For each
x € C, there exists a connected subspace A, containing zy and x. So A, C C.
Therefore, C' = (J,co Az is connected as the union of connected sets with a
point zg in common. O

Theorem 7.27. The path components of X are path connected disjoint sub-
spaces of X whose union is X, such that each nonempty path connected subspace
of X intersects only one of them.

The proof is similar to that of the previous theorem.

Remark 7.28. Each component of X is closed as its closure is connected. If X
has only finitely many components, then each component is also open, since its
complement is a finite union of closed sets. This doesn’t hold in general for
infinitely many components.

Example 7.29. Each component of Q is a singleton which is not open.

Example 7.30. For the topologist’s sine curve S, the components are S itself,
while the path components are S and V = {(0,y)|y € [—1,1]}. Note that S is

open but not closed in S, while V is closed but not open in S.

Each path component is connected and hence contained in a component.
When do they coincide?

Definition 7.31. A space X is locally (path) connected iff for every x € X
and every open neighborhood U of z, there exists a (path) connected open
neighborhood V of x with V C U.

Remark 7.32. locally path connected = locally connected.
Example 7.33. Every open subset of R™ is locally path connected.

Example 7.34. Let X = N with the complement finite topology. Then, X is
locally connected. It is not locally path connected since the only path connected
subsets are singletons.

Example 7.35. The Warsaw circle: connect the topologist’s sine curve to the
unit circle. This is path connected but not locally connected.

Ex Connected Not connected
Locally connected intervals in R [—1,0) U (0,1]
Not locally connected | topologist’s sine curve; [0,1] x 0UQ x [0, 1] Q

Example 7.36. The broom space: consider the subset of R? given by

B=J {(x %) 1z € [0, 1]} U {(z,0)]z € [0,1]}.
n>1

Then, B is path connected but not locally path connected at (1,0).
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Theorem 7.37. A space is locally (path) connected iff for any open U C X,
each (path) component P of U is open.

Proof. Let’s prove the path version.

(=) Let P be a path component of an open set U C X. For any = € P,
there exists a path connected open neighborhood V' of x with V' C U. Then,
V C P since P is a path component. Thus, P is open.

(<) Given any open neighborhood U of € X, the path component of U
containing x is an open path connected neighborhood of x contained in U. O

Theorem 7.38. If X is locally path connected, then the components and path
components of X coincide.

Proof. Let P be a path component contained in a component C. If P # C,
then let @ be the union of all other path components contained in C. By the
theorem above, we know C' is open. Then, by the theorem again, P and @) are
open in C' and hence separate C, contradicting connectedness of C. O

Corollary 7.39. A connected, locally path connected space X is path connected.
Proof. So X is a single component, which is also a single path component. [
Corollary 7.40. An open connected subset of R™ is path connected.

Proof. Any open subset of R” is locally path connected. O

Totally disconnected spaces

Definition 7.41. A space X is totally disconnected iff the components of X
are singletons.

Example 7.42. The space Q of rational numbers (with the subspace topology
from R) is totally disconnected.
Its complement R\ Q is also totally disconnected.

Example 7.43. The Cantor set is totally disconnected.

We are actually going to prove this in two ways.

As we know that the Cantor set topology can be generated by an ultrametric,
it turns out that the above example is a special case of the following general
fact.

Theorem 7.44. FEvery ultrametric space is totally disconnected.

Proof. Let X be an ultrametric space with ultrametric d. We need to show
that the components of X are singletons. Let z,y € X be distinct points. Let
r = u(z,y) > 0. Then, B,.(z) is an open neighborhood of z. I claim that
X \ B,(z) is an open neighborhood of y. Indeed, for any point z € X \ B,.(z),
we have u(x,z) > r > 0. Pick 7o € (0,7). Then, for any 2’ € B,,(z), we have
that u(z, z’) = u(x,z) > r. Hence 2’ ¢ B,(z) and thus B,,(z) € X \ B,(x).
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This shows that X \ B,.(z) is open and hence an open neighborhood of y. This
implies that x and y lie in different components. Since x,y € X are arbitrary,
we conclude that the components of X are singletons. O

Theorem 7.45. Every product of totally disconnected spaces is totally discon-
nected.

Proof. Suppose C' is a connected subset of X = [] .4 Xo with each X,, totally
disconnected. Then, for any « € A, the projection 7, (C) is connected in X,
and hence a singleton. Thus, C' is a singleton. O

Now, as {0,1} is a totally disconnected space, we have that C = {0, 1} is
totally disconnected.
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